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General Instructions

Reading time — 5 minutes

Working time — 3 hours

Board approved calculators may be
used.

A table of standard integrals is
provided at the back of this paper.
Diagrams are NOT drawn to scale.

All necessary working should be shown
in every question.

Start each question on a new page.
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Total marks — 100

Section | Pages 3-7

10 marks

s Attempt Questions 1-10

e Allow about 15 minutes for this section

Section 1l Pages 8-17

90 marks

¢ Attempt Questions 11-16

s Allow about 2 hours and 45 minutes for
this section
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Section I

10 marks

Attempt Questions 1-10

Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1-10.

1 An object moves in a circular path at a constant speed. Which vector in the diagram
below best represents the object’s acceleration?

Ay I
B I
(C)y 11
(D) Iv
2. Which of the following cannot be the argument of a complex number z

such that z° =—1+i?

@w =
®) =

© ZZ
® =7
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Consider the Argand diagram below:

1> Re(z)
2

Which pair of inequalities correctly define the shaded area?
(A) |z+i|$1and0Sarg(z+1)<—»i;-

(B) |z-i<land 05arg(z—1)<—-;£

(©) |Z—i|£1and0Sarg(z—1)<%

D) [z+i|£13nd0$arg(z+l)<§—

A point P(x,y) moves so that the ratio of its distance from the point (1,0) and the line
x=2 18 a constante , where 0 < e <1. The locus described by this point would be a:

(A) Circle

(B)  Parabola

©
(D)

Hyperbola

Ellipse.
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Given that (x~1)P(x) =16x" —20x" +5x -1, then if P(x) = (KILx2 +ax— 1)2 , the value of

ais:
“ 1
B) 2
1
©) )
)y 0
LKSSinxcos“ xdx =
(A) 0
®) 2
© 2
@) 20

n

4
Isec"'z xdx then jsec‘ x.dx =
0

2 n—2
tan xsec X+
n-1 -1

Given that Isec" xdx =

4
(A) 3
B) 1
5
(@ s
D) 6+ ;lﬁ



8. The graph of y = f(x)is shown below.

%

Which graph best represents y = f(2-x)?

A) ®)

4 2 1 2 4
2 2
4 <
© (D)
v y
4t Fui
2 2
; . X : : :
4 2 4 4 2 4
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10.

The curve 4y” - 9x” =36 is defined parametrically by the equations:

(A) x=4dsecf, y=9tan8
(B) x=3secf, y=2tand
(© x=2tan@, y =3secl

(D) x=9%tanf, y=4secl

3 =Px+Q+ R
(x2+2)(x—l) 2+2 x-=1

the following statemenits is false?

where x#1, and P, O, R are constants. Which one of

A)  3=(Px+0)(x-1)+R(x*+2)

B) R=1
(©) 3=2R-Q

(D) 3=P+R
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Section I1

90 marks

Attempt Questions 11-16

Allow about 2 hours and 45 minutes for this section

Answer each question in a SEPARATE writing booklet. Extra writing booklets are available.

In Questions 11-16, your responses should include relevant mathematical reasoning and/or
calculations.

Question 11 (15 marks)
(a) The complex number wis given by w=—1++/3i.

(i)  Show that w* =2w.

(i)  Evaluate |w|and argw.

(iti)  Show that wis a root of the equation w* —8=0.

(b) Sketch the region of the Argand diagram whose points satisfy the inequalities

|z—gls4and %Sargzs—g—.

Question 11 continues on page 9

(&]




(©)

(d

(e)

ABCD is a quadrilateral whose diagonals AC and BD are equal and bisect each
other at the origin. A4 is the complex number z and ZAOB =30°.

(1) Find the coordinates of B,C, and D interms of z.

(i) ~ What type of quadrilateral is ABCD? (justify your answer)

The complex number z is a function of the real number » given by the rule
Jrg =N 0 Lrp< ]..

Evaluate |z! and hence describe the locus of z as r varies from 0 to 1.

By completing the square, find 2—dx~—~—- .
x +4x-1

End of Question 11

(9]




Question 12 (15 marks)

. x+7 A B C
a 1 Express ————— in the form —+—+ .
(@) ® P xz(x+2) x x x+2

.. . x+7

(if)  Hence or otherwise find j——z—-———-—dx 2

x*(x+2)
(b) Find J __a'_x__
N1+4x
1

(c) Evaluate L xe " dx. 4

(d) A toy airplane attached to a string 1.5m long moves in a horizontal circle as shown in the
diagram below. The string makes an angle of 30° with the vertical. (Use g =10ms™)

(i) What is the mass of the plane if the tension in the string is SN? 3
(if)  Calculate the period of the plane’s motion. 2
End of Question 12
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Question 13 (15 marks)

(a) Using the substitution ¢ = tan(?—] , Show that _f3 ! 46 = ﬁ -1.
2 o 1+sinf

(b) The diagram shows the graph y = f(x) .

a3l

Draw separate one-third page sketches of the graphs of the following:

@) y=7{()
. 1
(i1) y"jIx)

@)  y=[f®]
(v) y=I[f(x)]

Question 13 continues on page 12
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(c) Use the method of cylindrical shells to find the volume of the solid obtained
by rotating the region between the curves y =4(x~— 2)" and y=x"—4x+7
about the y axis.

-1

End of Question 13
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Question 14 (15 marks)

(a)

(b)

(c)

(d)

The Earth’s orbit around the sun is elliptical with the Sun as one of the foci.
The semi major axis of the Earth’s orbit is 1.486x10® kilometres and its
eccentricity is 0.017.

(i) How close to the sun does the earth come? 2
(i) What is the greatest possibie distance between the sun and the earth? 2
Determine all the roots of the equation x* —5x’ ~9x* +81x—108 = 0 given that 3

there is a root of multiplicity 3.

The polynomial P(x)=x"+ax® +bx+6where a, b are real numbers has 1—; as one zero.

@) Find aand 4. 2
(i1  Factorise P(x) over the complex field. 1
(iii)  Factorise P(x) over the real field. |
Show that the equation 3x° +20x” +45x = ¢ can have only one real root, and 4

find the value of the constant ¢, if the sum of the other (complex) roots is -7.

End of Question 14
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Question 15 (15 Marks)

x2 y2
a For the hyperbola——=—=1, find:
@) AT T

(i)  its eccentricity 1
(i)  the coordinates of its foci 1
(iii)  the equations of its directrices 1
(iv)  the equations of its asymptotes 1
(v) the equation of the chord of contact of tangents drawn from the point (1,2) 1

(b)  Consider the region enclosed by the curves x=3" and x=2-y*. Find the volume 4

of the solid formed when this region is rotated about the line x =3 by taking slices

perpendicular to the axis of rotation.

Question 15 continues on page 15
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{c) Consider a solid ABCDEF whose height is /2, and whose base is a rectangle ABCD,
where AB=a, BC=54, and the top edge EF =¢

-

Consider a rectangular slice 4'B'C'D" (parallel to the base ABCD) x units from the top
edge, with width Ax .

(i) Show that the volume of the slice is AV = (%a](c + b x]Ax .

(ii) Hence show that the volume of the solid is -]169-(217 +c) .

End of question 15
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Question 16 (15 marks)

(a) Two tangents TA, TB are drawn from a point T to a given circle. Through A, a chord AC
is drawn parallel to the other tangent TB and TC meets the circle at E.

) Prove AAFT is similarto AEFT . 2

(i)  Hence show that TF? = AFxEF . 1

(iii)  Hence or otherwise prove that AE extended bisects 7B. 2
5

(b) (i) Prove that the equation of the tangent to the curve x = " 1t Ty = " ! " 3
+ +

at the point with parameter ¢is 4y +(5t +7 ) x=5¢.

(i)  This tangent meets the coordinate axes OX and QY in the points Pand Q. 3

Show that the area of the triangle OPQ never exceeds G%J[%T .

Question 16 continues on page 17
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(c)

Prove by mathematical induction for all positive integers 7 ,

tan™! 12 +tan™" 1 ~ |+...+tan” L > —
2x1 2x2 2xn 4

End of paper

[17]
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e,

~

~

o

o

cosax dx

sinax dx

2

sec”axdx

secax tanax dx

E
Va? - x?
L
Vx? - a?

1
Vx? +a?

STANDARD INTEGRALS

dx

1
xn+1
n+l

= —sinax,
a

>

= ——cosax,
a

n#—1;

az0

az0

1
= Etanax, az0

1
= —Secax,
a

1 -1 X
—lan
a a

. —-1X
=S]I11

a#0

a#0

x#0,ifn<0

= a>0, ~a<x<a

dx 21n(x+\ix2—a2), x>a>0

dx =1n(x+\fx2+a2)

NOTE: lnx= Iogex, x>0
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Question 13:

a)

_2+243-243
1+

2 143
_1+\/§Xm

_2(1-+/3)
)

ﬂﬁ:l

b}

i y=s()

i) y=[r@[




-1

Area of base of cylindrical shell: Ad(x) = z(R* —7%)

Volume of shell:

Volume of solid:

AA(x) = m((x+ Ax)* — )
Ad(x)=27zxAx, (since Ax” is very small).
AV (x) = Ad(x)x height

AV (%) = Ad(x) x (" — 4x+ T 4(x~2)?)
AV (x) = AA(x)x(-3%" +122-9)

AV (x)= 27rxx3(mx2 +4x—3)Ax

3
. 3 z_
V= 5210;6;:( x4+ 4x —3x)Ax

4 32T
=07 | ~—
473 2|

81 108 27) 1 4 3
=67|| ~—+—— || — ===
4 3 2 4 3 2




Question 14:

a)

P!} ) |

i} Earth is closest to the Sun at P.
PS=P0-ae
=1.486x10° —(1.486%10% x 0.017)
=1.486x10° —2526200
= 146073800km
=1.460738x10%km

ii) Earth is furthest from the Sun at P'.
P'S=PO+ae
=1.486%10° +(1.486x10° x0.017)
=1.017x1.486x10°
=15112 6200km
=1.511262x10°km

b)

Let

P(x)=x"-5x"—9x* +81x—108
P(x)=4x"-15x*-18x
P'x)=12x* —30x~18

For a root of multiplicity 3, P"(x) =0 .
That is:

0=12x*-30x-18

0=2x"-5x-3

0=(x-3)(2x+1)

Sx=3 orx=--1~
2

Testing roots: P(3)=0
~.x=3 isatriple root.

Consider the sum of the roots of P(x):

3+3+34+x=5
o =4

S P(x)=(x~3)’(x+4) and

P(x)hasroots 3, 3,3 and -4.




c)

i) P(x)=x"+ax’ +bx+6

Since all the coefficients are real, then by the
conjugate root theorem both (1-7}and (1+/) are

factors of P(x).
Product of roots of P(x):
(I-i)(l+DHax=-6
(- =—6
20 =—6
o =-3
Now:
P(-3)=0

0=(=3) +a(=3) + b(-3)+6
0=-27+9a-3b+6
0=-214+9a—3b................ o)

Sum of roots:
(1-H+(d-i)~3=-a
2-3=-a
a=1....subinto (1)

0=-21+9(1)-3b

0=-12-3b
3b=-12
b=—4

i)

Over the complex field:
P(x)=(x~-1+i)(x-1-i}(x+3)
iii)

Over the real field:

P(x)=((x~1 =) (x+3)
=(x® = 2x+1+1)(x+3)
=(x? = 2x+2)(x+3)

d)

Let

P(x)=3x" +20x* +45x—c¢
Pi(x)=15x" + 60x* +45

For stationary points P'(x) =0.
0=15x"+60x* +45
O=x*+4x*+3
0=(x*+3)(x* +1)

No real solutions

No turning points.

For points of inflexion P"(x)=0.
P"(x)=60x" +120x
0=x(x*+2)
s.at x=0 (y =c) there is a point of inflexion.

Hence there must be only one real root and two

pairs of conjugate complex roots of P(x).
Sum of ‘cther’ roots is given as -7.
Consider the sum of the roots of P(x):

~T+a=0
o =7 (is the real root)

Now P(7)=0 and by substitution ¢ =57596 .
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L) Show twe for n=l

LHS = tan (%)

RHS = “'g;"fawml(‘.%) ‘
fai' () - tan'(3)

VAR R
jF&Vi i('“’_ Vs )
fan (L)

LHS

S true foy n= |
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i
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e & Rk |

Prove true fiv a= i+l
R.T. P

o L7 A B
tan }( zxtl) L o "}Q\ﬂ‘ (a\(iui)}') = % - ﬂi.am ‘<§E -1~3)
!

- - | = -
LHS = ‘% -~ tan i( ot )-r '}C{“}(Q\(MH)'L) [LLSI'W? &qumfmﬂm]
| NN ML [ AU
= Z{. + ’i‘dﬂ’\ < «Q(?’.H)z) - fcgm (Rhi' i )
{1 -~ [ | { . f | |
- _ - =L - = x -
41 fan \:{Q(lﬁ')l ] f jLi At Akt ﬂ

y T 22k (et 1)” T (2Rt YRt ])T

)
-1} 2Bt} - 2t
+ o | 2R 30 ) #:]
Alti) (ziu'i)ﬂ

-

i

+l=




I

Vi

K

"

*?F + fan (’WT' - - b -2 ]
(2R + LFHZ)(MH)""
ﬁ. + im's][ é“l "éll-’«*l
111!]—”\7;“2 INEYE: f]
_{_T__ (2R rf&“ff)
4 [@izw)(o?}z “tR+1)

Z’Lm“i[a ]

Fmv-ew hue B n= korl

Frofogﬁw“m < hrue for all nzl ba’[ ivﬁ’lcﬁ{uc.'ht;’i”




